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 Let  f(a,b,c) =  )ba(c)ac(b)cb(a 333 −+−+−

  f(b,b,c) = b3 (b – c) + b3 (c – b) + c3(b – b) = 0 

 By factor theorem, (a – b) is a factor of  f. 

 Since  f  is cyclic,  (a – b)(b – c )(c – a) is a factor of f. 

 Since  deg{f} = 4,   deg{(a – b)(b – c )(c – a)} = 3. 

 f(a,b,c) = k (a + b + c) (a – b)(b – c )(c – a)        (2) 

 By comparing the coefficients of  a3 b – term on both sides of (2),  we get  k = –1 

 ∴  f(a,b,c) = –(a + b + c) (a – b)(b – c )(c – a)    (3) 
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 Then  f(a) = f(b) = f(c) = 0 

 But  deg {f} = 2  and  f(x) = 0  has  3  roots  x = a, b, c. 

 By the Identity Theorem,   f(x) ≡ 0.  Result follows. 
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7. (x – a)4  = [(x + a) – 2a]4  

   = (x + a)4 – 4 (x + a)3(2a) + 6 (x + a) (2a)2 – 4(x + a) (2a)3 + (2a)4
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  Divide both sides by  (2n + 1)!  on both sides of (3), result follows. 

16. Since the degree of the numerator is equal to that of the denominator and both are monic, we can write: 
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 By putting  x = -r,  
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 where the As are polynomials of degree n in  a  with integral coefficients. 

18. (Complex number theory is needed) 
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19. (a) For  1 ≤ p ≤ n – 1 
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+++ ∑∑
==

 

21. (a) f (x) = (x – a1) (x – a2) …. (x – an)  and  a1, a2,…. , an are unequal. 

  ln f(x) = ln (x – a1) + ln (x – a2) +…. + ln (x – an) 

  Differentiate with respect to  x  on both sides, 
 5



  ∴ 
r

n

1rn21 ax
1

ax
1

...
ax

1
ax

1
)x(f
)x('f

−
=

−
++

−
+

−
= ∑

=

 

 (b) Differentiate the result of  (a)  with respect to  x  again, 

   
[ ]

[ ] ( )2
r

n

1r
2

2

ax
1

)x(f
)x('f)x("f)x(f

−

−
=

− ∑
=

 

  ∴ 
[ ]

[ ] ( )2
r

n

1r
2

2

ax
1

)x(f
)x("f)x(f)x('f

−
=

− ∑
=

 

 (c) 
r

r
n

1r ax
A

)x(f
)x(

−
=

φ ∑
=

 , where  Ar  are constants. 

  )ax)...(ax)(ax)...(ax(A
ax

)x(fA
)x( n1r1r1r

n

1rr

r
n

1r

−−−−=
−

=φ +−
==
∑∑       

  Put  x = ar ,     ….(1) )aa)...(aa)(aa)...(aa(A)a( nr1rr1rr1rrr −−−−=φ +−

  From  (a),  
r

n

1r ax
1

)x(f
)x('f

−
= ∑

=

 

  )ax)...(ax)(ax)...(ax(
ax
)x(f

)x('f n1r1r1

n

1rr

n

1r

−−−−=
−

= +−
==
∑∑  

  Put  x = ar ,     ….(2) )aa)...(aa)(aa)...(aa()a('f nr1rr1rr1rr −−−−= +−

  Compare  (1)  and  (2),   
( )
( )r

r
r a'f

a
A

φ
=  

  ∴ ( )
( ) rr

r
n

1rr

r
n

1r ax
1

a'f
a

ax
A

)x(f
)x(

−

φ
=

−
=

φ ∑∑
==

       ….(3) 

  If  f(x) = (x – ar)gr(x),  then  f’(x) = (x – ar) gr’(x) + gr(x). 

  Put  x = ar , f’(ar) =  gr(ar). 

  From (3), 
rrr

r
n

1r ax
1

)a(g
)a(

)x(f
)x(

−

φ
=

φ ∑
=

. 

22. Let  φ(x) = bnxn + bn-1xn-1 + … +b1x + b0 . 

 By the Extended Partial Fraction Theorem (see 21(b)),  
rr

r
n

1r ax
1

)a('f
)a(

)x(f
)x(

−

φ
=

φ ∑
=

 

 )ax)...(ax)(ax)...(ax(
)a('f
)a(

ax
)x(f

)a('f
)a(

)x( n1r1r0
r

r
n

1rrr

r
n

1r

−−−−
φ

=
−

φ
=φ +−

==
∑∑  

 Compare coefficients of  xn term,   bn = 
)a('f
)a(

r

r
n

0r

φ∑
=

. 

23. 
)x)(x)(x(

)x)(x(C)x)(x(B)x)(x(A
x

C
x

B
x

A
)x)(x)(x(

cbxax2

γ−β−α−

β−α−+α−γ−+γ−β−
=

γ−
+

β−
+

α−
=

γ−β−α−

++
 

  ∴   )x)(x(C)x)(x(B)x)(x(Acbxax2 β−α−+α−γ−+γ−β−=++

 Compare coefficients of  x2 term,    a = A + B + C 

 ∴  A + B + C = 0  iff  a = 0     …(1) 

 Let    
2n

C
1n

B
n
A

)2n)(1n(n
1n3

+
+

+
+=

++

+
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 3n + 1 ≡ (n + 1)(n + 2) A + n(n + 2) B + C n(n + 1)  …(2) 

 Put  n = 0  in  (2),    ∴ A = 1/2. 

 Put  n = –2  in  (2),  ∴ C =– 5/2 

 From (1),    ∴ B = –A –C = –1/2 + 5/2 

 ∴ ⎟
⎠
⎞

⎜
⎝
⎛

+
−

+
+⎟

⎠
⎞

⎜
⎝
⎛

+
−=

+
+

+

+−
+=

++

+

2n
1

1n
1

2
5

1n
1

n
1

2
1

2n
2
5

1n
2
5

2
1

n
2
1

)2n)(1n(n
1n3

 

 ∴ ⎟
⎠
⎞

⎜
⎝
⎛

+
−

+
+⎟

⎠
⎞

⎜
⎝
⎛

+
−=

++

+ ∑∑∑
=== 2n

1
1n

1
2
5

1n
1

n
1

2
1

)2n)(1n(n
1n3 N

1n

N

1n

N

1n

 

     
)2N)(1N(4

)9N7(N
2N

1
2
1

2
5

1N
1

1
2
1

++

+
=⎟

⎠
⎞

⎜
⎝
⎛

+
−+⎟

⎠
⎞

⎜
⎝
⎛

+
−=  

24. (a) 
2222

2

x1
DxC

)x1(
B

x1
A

)x1()x1(
x3

+

+
+

−
+

−
=

+−

+   

  3 + x2 ≡ A (1 – x)(1 + x2) + B(1 + x2) + (C + Dx)(1 – x)2   ….(1) 

  Put  x = 1,  4 = B (1 + 1) ,        ∴ B = 2 

  Put  x = i ,  2 = (C + Dx) (1 – i)2 = (C + Di) (–2i) = 2D – 2Ci   , ∴ C = 0, D = 1. 

  Compare the constant terms of (1),  3 = A + B + C = A + 2 + 0,   ∴ A = 1 

  
2222

2

x1
x

)x1(
2

x1
1

)x1()x1(
x3

+
+

−
+

−
=

+−

+
 

 (b) (Method 1) 

...
x1

x
...

x1
x

x1
x

x1
x

n

1n

2

2

8

4

4

2

2
+

−
++

−
+

−
+

−

−

...
x1

x
...

x1
x

x1
xxx

n

1n

2

2

8

4

4

32

+
−

++
−

+
−

++
=

−

 

  ...
x1

x
...

x1
x

x1
x...xxx

n

1n

2

2

16

8

8

732

+
−

++
−

+
−

++++
=

−

 

  
x1

x
01
x1

x

x1
x...xxx

lim...
x1

x...xxx
n

n

n

n

2

1232

n2

1232

−
=

−
−=

−

++++
=+

−

++++
=

−

∞→

−

,  if  |x| < 1. 

  (Method 2) 

  ...xxxx...)xxx1(x
x1

x 953842
2

++++=++++=
−

 

  ...xxxx...)xxx1(x
x1

x 17106216842
4

2

++++=++++=
−

 

  ...xxxx...)xxx1(x
x1

x 3620124321684
8

4

++++=++++=
−

 

  …. 

  Adding up all equalities, 
x1

x
...xxxx...

x1
x

x1
x

x1
x 432

8

4

4

2

2 −
=++++=+

−
+

−
+

−
 

25. Put  u = x – 1,  x = u + 1 

 
3

23456

3

26

3

26

u
1u4u14u20u15u6u

u
1)1u()1u(

)1x(
1xx ++++++

=
++−+

=
−

+−
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  ( ) ( ) ( )
( ) ( )32

23

32
23

1x
1

1x
4

1x
14

201x151x61x
u
1

u
4

u
14

20u15u6u
−

+
−

+
−

++−+−+−=++++++=  

( ) ( )32
23

1x
1

1x
4

1x
14

10x6x3x
−

+
−

+
−

++++=  

26. 
2

y
x

2A
yx
y2x

2
y
x

21
y
x

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−≡⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

+

+
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+  

 Put  x = 0,  y = 1, ( ) ( ) 21A,2A2221
2

−=∴=−××   

 (i) ( )
2

n
m

221
nm
n2m

2
n
m

21
n
m

⎟
⎠
⎞

⎜
⎝
⎛ −−≡⎟

⎠
⎞

⎜
⎝
⎛

+

+
−⎟

⎠
⎞

⎜
⎝
⎛ −⎟
⎠
⎞

⎜
⎝
⎛ +      …..(*) 

  
( )

( ) .0
n
m

,021cesin,0
1

n
m

n
m

221

nm
n2m

2
n
m

2

2

><−<
⎟
⎠
⎞

⎜
⎝
⎛ +

⎟
⎠
⎞

⎜
⎝
⎛ −−

≡⎟
⎠
⎞

⎜
⎝
⎛

+

+
−⎟

⎠
⎞

⎜
⎝
⎛ −  

  ∴ 2  lies between the positive rational number 
nm

2nm
  and   

n
m

+

+ . 

 (ii) From (*), ( ) ⎟
⎠
⎞

⎜
⎝
⎛ −−≡⎟

⎠
⎞

⎜
⎝
⎛

+

+
−⎟

⎠
⎞

⎜
⎝
⎛ +

n
m

221
nm
n2m

21
n
m

 

  ∴ 1
1
1

1
n
m

1

1
n
m

21
and,

n
m

2
1

n
m

21
nm
n2m

2 =<
+

<
+

−
−

+

−
=

+

+
−  

  ∴ 
n
m

2
nm
n2m

2 −<
+

+
−   and   ∴ 2  is closer to  

n
m

    than  to
nm
2nm
+

+ . 

27. (a) (1 + x)n+2 = (1 + x)2 (1 + x)n
  ⇔  ( ) r

r

2n

0r

2r
r

2n

0r

xaxx21xb ∑∑
+

=

+

=

++=

  Comparing coefficients on the term  xr + 2  on both sides, br+2 = ar + 2ar+1 + ar+2  if  0 ≤ r ≤ n – 2. 

 (b) Similar to no. 20. 

 (c) Put  n = 2 in (b)  and divide the equality by  2,   

  
)2x(2

1
1x

1
)rx(2

1
)2rx)(1rx)(rx(

1
+

+
+

−
+

=
+++++

  …..(*) 

  
)2nx)...(1x(x2

)!2n(
)2nx)(1nx)(nx(

a)1(
...

)3x)(2x)(1x(
a

)2x)(1x(x
a n

n
10

+++

+
=

+++++

−
++

+++
−

++
 

  
)2x(2

a)1(
1x
a)1(

)rx(2
a)1(

)2rx)(1rx)(rx(
a)1( r

rn

0r

r
rn

0r

r
rn

0r

r
rn

0r +

−
+

+

−
−

+

−
=

+++++

−
= ∑∑∑∑

====

 

  
)2nx)...(3x)(2x(

!n
2
1

)1nx)...(2x)(1x(
!n

)nx)...(1x(x
!n

2
1

++++
×+

++++
−

++
×=  

  
[ ]

)2nx)...(1x(x2
)!2n(

)2nx)...(1x(x2
)2n3n(!n

)2nx)...(1x(x2
)1x(x)2nx(x2)2nx)(1nx(!n 2

+++

+
=

+++

++
=

+++

++++−++++
=  

28. (a) same as 21.(a),(b). 
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 (b) 
222 )1x(

1
1x

2
)1x(

1)1x(2
)1x(
1x2

−
+

−
=

−

+−
=

−

−
 

 (c) B(x) = x4 – 10x2 + 1,  B(1) = –8 

  B’(x) = 4x3 – 20x   B’(1) = –16 

  B’’(x) = 12x2 – 20   B’’(1) = –8 

  From (a), putting  x = 1,  2
8

16
)1(B
)1('B

x1
1

i

4

1i

=
−

−
==

−∑
=

 

        
( )

[ ]
[ ]

3
)1(B

)1(''B)1(B)1('B
x1
1

2

2

2
i

4

1i

=
−

=
−∑

=

 

  From (b), 
( )

13)2(2
x1
1

x1
1

2
)1x(

1
1x

2
)1x(
1x2

2
i

4

1ii

4

1i
2

i

4

1ii

4

1i
2

i

i
4

1i

−=+−=
−

+
−

−=
−

+
−

=
−

− ∑∑∑∑∑
=====

 

29. ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+++++++++++−=

−
+

−
−=

−−

−
...

2
x

...
4
x

2
x

1
2
9

...)x...xx1(

2
x

1

2/9
x1

1
)x2)(x1(

x87
n

n2
n2  

 ...x1
2

9
...x

16
7

x
8
1

x
4
5

2
7 n

1n
32 +⎟

⎠
⎞

⎜
⎝
⎛ −++−++=

+
 

 The expansion is valid if   1
2
x

1x <∧< ,  i.e.  |x| < 1. 

 The general term   1
2

9
T

1n1n −=
++ .  When  n ≥ 3,  Tn+1 < 0. 

 From the fourth terms onwards, the coefficients are all negative. 

30. 
22 )x21(

3/1
x21

9/4
x1
9/2

)x1()x21(
x1

+
+

+
+

−
=

−+

+
 

 

...)x2)(1n()1(...)x2(3)x2(21
)x21(

1

...)x2()1(...)x2(x21
x21

1

...x...xx1
x1

1

nn2
2

nn2

n2

++−+++−=
+

+−+++−=
+

+++++=
−

 

The above expansions are valid if   1x21x <∧< ,  i.e.  |x| <
2
1

. 

The coefficient of xn term = )7n3(2)1(
9
1

9
2

2)1n()1(
3
1

2)1(
9
4

9
2 nnnnnn +−+=+−+−+ . 

31. 
( ) 2222 x41

x2
x21

1
x21

1
)x41()x21(

2
+

+
−

+
−

=
+−

 

  
[ ]

[ ]
[ ]...)x4)(x2()x4)(x2(...)x4)(x2(x2

...)x2)(2n4()x2)(1n4(...)x2)(1n2(...)x2(3)x2(21
...)x2()x2(...)x2(x21

n221n222

1n4n4n2

1n41n42

−+−+−+

++++++++++++

++++++=

−

+

+
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 The coefficient of x4n = 24n + (4n + 1)24n = (2n + 1) 24n+1  

 The coefficient of x4n+1 = 24n+1 + (4n + 2)24n+1 + 2 × 42n= (n + 1) 24n+3. 

 The above expansions are valid if  

  
2
1

x
2
1

x
2
1

2
1

x0)1x2)(1x2(
2
1

x1x41x2 2 <⇔<<−∧<⇔<+−∧<⇔<∧<  

32. 
22

2

)3x(
10

3x
4

2x
5

)2x()3x(
1x

−
+

−
−

−
=

−−

+
 

 

( ) ⎥
⎦

⎤
⎢
⎣

⎡
+⎟

⎠
⎞

⎜
⎝
⎛+++⎟

⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛−=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

−
⎟
⎠
⎞

⎜
⎝
⎛=

−

⎥
⎦

⎤
⎢
⎣

⎡
+⎟

⎠
⎞

⎜
⎝
⎛++⎟

⎠
⎞

⎜
⎝
⎛++−=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

−
=

−

⎥
⎦

⎤
⎢
⎣

⎡
+⎟

⎠
⎞

⎜
⎝
⎛++⎟

⎠
⎞

⎜
⎝
⎛++−=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

−
=

−

...
3
x

)1n(...
3
x

3
3
x

21
3
1

3x1
1

3
1

3x
1

...
3
x

...
3
x

3
x

1
3
1

3x1
1

3
1

3x
1

...
2
x

...
2
x

2
x

1
2
1

2x1
1

2
1

2x
1

n2222

2

n2

n2

 

 The coefficient of xn term = 
1n2n

n2nn

2
5

3
22n10

3
1

)1n(
3
1

10
3
1

3
1

)4(
2
1

2
1

5
++

−
+

=⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛−+⎟

⎠
⎞

⎜
⎝
⎛
⎟
⎠
⎞

⎜
⎝
⎛−−+⎟

⎠
⎞

⎜
⎝
⎛
⎟
⎠
⎞

⎜
⎝
⎛−× . 

 The above expansions are valid if   2x1
2
x

1
3
x

<⇔<∧< . 

33. 

4
x

1

8/1

2
x

1

4/1

2
x

1

4/1
x4

2/1
)x2(

1
x2

2/1
)x4()x2(

x2
222

2

+
+

⎟
⎠
⎞

⎜
⎝
⎛ −

+
−

−
=

+
+

−
+

−
−=

+−

+
 

 

⎥
⎦

⎤
⎢
⎣

⎡
+⎟

⎠
⎞

⎜
⎝
⎛−++⎟

⎠
⎞

⎜
⎝
⎛+−+

⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛+++⎟

⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛++⎥

⎦

⎤
⎢
⎣

⎡
+⎟

⎠
⎞

⎜
⎝
⎛++⎟

⎠
⎞

⎜
⎝
⎛++−=

...
4
x

)1(...
4
x

4
x

1
8
1

2
x

)1n(...
2
x

3
2
x

21
4
1

...
2
x

...
2
x

2
x

1
4
1

n
n

2

n2n2

 

 The coefficient of xn term = 
3n2

n
2n 2

1
)1(

2
n

++
−+ . 

 The above expansions are valid if  |x| < 2. 

34. 222

2
x

1

1
2
1

2
x

1

1
2
1

x1
1

)x2(
2

x2
1

x1
1

)2x)(1x(
4x3

⎟
⎠
⎞

⎜
⎝
⎛ +

+
+

−
+

=
+

+
+

−
+

=
++

+
 

 
[ ]

...x
16
19

x
4
5

x
4
5

1

...
2
x

4
2
x

3
2
x

21
2
1

...
2
x

2
x

2
x

1
2
1

...xxx1

32

3232
32

+−+−=

⎥
⎦

⎤
⎢
⎣

⎡
+⎟

⎠
⎞

⎜
⎝
⎛−⎟

⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛−+⎥

⎦

⎤
⎢
⎣

⎡
+⎟

⎠
⎞

⎜
⎝
⎛−⎟

⎠
⎞

⎜
⎝
⎛+−−+−+−=

 

 The restriction on the values is  1x1
2
x

1x <⇒<∧< . 
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