Partial Fraction

2x +1 1 1
1. - + -
20x? +1) x-1 2(x-1)?
5 :&l B:L, Co g(c) , 1/2 4 . 9/2
(a-b)(a-c) (b-a)(b-c) (c—a)(c—-h) x-1 x-2 x-3
3 _ 3 _ 3 _
3. L.H.S.=—a(b c)+b’*(c—a)+c’(a-b) 1)
abc(a —b)(b—-c)(c—a)
Let f(ab,c)= a*(b-c)+b’(c—a)+c’(a-h)
f(b,b,c) =b®(b—c) +b* (c=b) +c*(b-h) =0
By factor theorem, (a — b) is a factor of f.
Since f iscyclic, (a—Db)(b-c)(c-a)isa factor of f.
Since deg{f}=4, deg{(a-b)(b-c)(c-a)}=3.
flabc)=k(@+b+c)(@a-b)(b-c)(c-a) 2
By comparing the coefficients of a b — term on both sides of (2), we get k=-1
flabc)=-(a+b+c)(@a-b)(b-c)(c-a) (3)
From (1) and (3), LHS.=—_2tb+0b-0c-a)@=-b) @+b+c) p,q
abc(a—-b)(b-c)(c-a) abc
3 5 5
4. - +
13(2x* +5) 52(x+2) 52(x-2)
2 _ _ 2 _ _ 2 _ _
5 Let f(X):a(x b)(x c)+b(x c)(x a)+c(x a)(x b)_X2
(a—b)(a-c) (b—c)(b-a) (c—a)(c—h)
Then f(a) =f(b) =f(c)=0
But deg{f}=2 and f(x)=0 has 3 roots x=a,b,c.
By the Identity Theorem,  f(x)=0. Result follows.

6. (a) Bydivision, 3l 2 8 +1 +6
23 —8x* +x+6=2(x-23)*+10(x - 3)* + 7(x—3) - 9 6 -6-15
2x°-8x* +x+6 2 . 10 . 79 3l 2 2 5 9

(x=3)* x-3 (x-3)° (x-3)° (x-3)* 6+12

) 1 x+2  2x+3 3| 2 +4 +7
Xx-3 x*-x+1 (X*-x+1° 6
2+10

7. (x-a)*' =[(x+a)-2a]’
= (x +a)* =4 (x + a)’(2a) + 6 (x + a) (2a)> — 4(x + a) (2a)® + (2a)*
= (x+a)*—8a(x +a)’+24a%(x +a)’—32 a%(x + a) + 16 a*

(x—a)* 1 8a 24a* 32a° 16a*

(x +a)’ x+a+(x+a)2 (x+a)3+(x+a)4
B a-b 11
y_(x—a)(x—b)_x—a X-b

Y :(xia - xibj2 :(xia]z B (x—a)z(x—b)Jr(xibJ2 :(xiajz B 2/>(<a—_ab)Jr 2/>Ea—_bb)+[xibJ2




10.

11.

12.

13.

14.

15.

14 27 2 1 4 1 1

@ 312 @ T9@e2x) 9(1-x)  3(1-x)? © 40—x)  40+x) 20+x)
@ 423 g 21 2 0 1. L 3 2
1-2x  1+x (1+x) x+1 x-1 2x-1 X+3 X+2 x-2
1 1
© 21+x%) 2L+ x)
U2 12 | S(n) = EP_ 1 1 }: n(3n +5)
X X+2 2L2 n+1 n+2] 4(n+D)(n+2)
Put y=x-1
1 B 1 1
X(x=2(x=D" (y+y-1y" (Y’ -1y  ([L-y’ "
-~ tn L+ y2+yf + 4y ey 22yt g = ;— ZlH+...+—i2—(1+y2+y4+...)
y y y
1 1 1 1 1 1 1 1/2 1/2
Ty oy Ty oyt oy oyt Ty 1y
1 1 1 1/2 1/2
- =)™ T (x—=1? x-2  x
3 1 1
2% x+1 2(x+2)
X 12 2 32

= + +
X+D)(X+2)(x+3) x+1 x+2 x+3

- n N (—1/2 2 —3/2)
Z Ilmz - +—t—
= (N+D)(n+2)(n+3) =4z Li+l i+2 i+3
. (—1/2 2 -1/2 -3/2 2 —3/2) 1
=lim +—+ + + + ==
2 3 3 n+2 n+l n+1

4

n—oo

@ Z":—:_ ( 1 le[l B 1 j: n(n +3)
= r(r+1(r+2) 2% \r(r+1) (r+1)(r+2) 2\1x2 (n+D(n+2)) 4(n+D(n+2)

d 3r+1 K- (r+1)-2 2
(b) ) (r+l)(r+2)(r+3)_rzz1 (r+2)(r +2)(r+3) _rz {(r+2)(r+3) (r+l)(r+2)(r+3)}

(n+1)(n+4)
_32_1: [r+1 r+3} 4(n+2)(n+3) by @)

:3[3_ 1 }_ (n+D(n+4)  n(dn+7)

3 n+3) 2(n+2)(n+3) 6(n+2)(n+3)
@ (@+x)"=)crx" Put x=1,  CI'=(1+1)" =2"
r=0 r=0
2n+1
(b) From(a), » CImt=2"" (1)

r=0

Since CJ/'=Clly min=Ciiy » r=1,2,..,n

n+r n-r+l



16.

17.

2n+1

D ocimi= 2Zn“ cr L )
r=0

r=0
n 22n+1
From (1) and (2), » CI"™ = — 2%
r=0
e, CM4CiM™ 4 +CM=2"-1 . (3)

Divide both sides by (2n + 1)! on both sides of (3), result follows.

Since the degree of the numerator is equal to that of the denominator and both are monic, we can write:

(X-DX=2)-(x=) A A Ay here A are constants.
(X+D)(X+2)---(x+n) X+1 X+2 X+n

X-D(x=2)----(x=n)=X+D(X+2)----(X+N)+ A (X+2)---(X+Nn)+...+
A X+D..(X+r=-D)X+r+1)...x+n)+..+ A, (X+D)(X+2)----(x+n-1)

By putting x=-r,
(r=0@¢r=2)...(-r=n)=A (-r+ 1)(-r+ 2) ...(-D)(1)(2)...(-r + n)

_ (=D (n+1)! and we have (X-D(x=2)----(x=n) 1. i (=D (n+1)! .

(n=Dr(r=DI(x +r) (X+D(X+2)---(x+n) = (n=n)Ir(r-DY(x+r)
(DC2):m)_y g ()" 00!

M(2)----(n) = (n=nir(r-1)Xr)

. n (_1)2r (_1)n—r+1(n + r)' ~ C n (_1)r+1(n + I')l

) _1+Z:1 (n —0)IA(r —1)\(r) =1+ Zl (n —0)IA(r —1)(r)

L (DM (D" -1
Z (-Ninr-Dir)  (-)"

1 ", C,
-2

X(X+1)---(x+n) = x+r

r

Putting X =0 inthe above identity,

1 (-1)" =1 ()" (- =1~ (-2)"

Co(x+1)...x+nN)+Cix(Xx+2)....x+n)+ ... +Cx(x+1) ...x +r=1)(x+r+1) ... (x+n)+ ...+
Cox(x+1) ... x+n=-1)=1
Put x=-r, C(-r)[(=r)+1]...[(r)+r=2][¢r)+r+1]....[(-r)+n]=1.

o1 1 . ; 1
. C,=(-1) and :Z(—l)—
r'(n—r)! X(X+1)---«(x+n) r(n—r)I(x+r)
Replace n by 0, 1:l
X X
1 1 1
Replace n by 1, =——-—
X(x+1) x x+1
1 1 1 1
Replace n by 2, _—=———+

XX+D(X+2) X x+1 2A(x+2)

1 1 1 1 ="
Replace n by n, — +..+ =)

X(X+D)(X+2).(x+n)  nix (n—1)!(x+1)+2!(n—2)!(x+2) T oni(x+n)

2

n a' 1 a a a"
3 - ot

Py x(x+l)~---(x+r)_x x(x+1)+x(x+1)(x+2)+ X(X+1)...(x +n)




18.

19.

1 (a a ) [az a’ 2 j ( " a" a" (-1)"a j
=4 ———— || —- +—— |+t - + +..+
X \x x+1 2Ix x+1 2Y(x+2) n'x (n-DI(x+1) 2(n-2)I(x+2) nl(x+n)

(1 a a’ a“Jl [a a’ a" Jl (az a® a" J 1 (-1)"a"
=== — et — || = —+ ..+ —_— | —— i —

o 2 nl)x (o 1 (n-!)x+1 2 om 2in-2)1)x+2 ni(x +n)
B _ A + A, +..+ DA, ,

nix (n=-DI(x+1) 2(N-2)/(x+2) n!(x +n)

Y (D)°A, : : o .
= Z _ where the A are polynomials of degree nin a with integral coefficients.

< ni(n—s)i(x+5s)

(Complex number theory is needed)

(SRR

. 1. 2n .
For f(x)=x>-1=0, x= 15 =(cis2nn)s = ms%, n=0,1,2 3,4, bydeMoivres’ Theorem.

)= (x —1){x - cisz—;}{x - cis%ﬂ{x - cis%}[x - cis%n}

f7(x) = 5x*.

By extended partial fraction theorem,

.21 . 4n . b7 . 8n
X 1 cis— cis— cis— cis—
_ n - 5 n - 5 n - 5 i . 5
x° =1 5(x-1) . 2n . 2n . 4n . An . bm . 6n . 8n . 8m
5 cis— | | x—cis— | 5 cis— || X—cis— | 5 cis— || Xx—cis— | 5 cis— | | Xx—cis—
5 5 5 5 5 5 5 5
i . 2n . A4n . 6 . 8n
1 cis— cis— cis— cis—
_ " 5 + 5 " 5 " 5

271

5[ x-1 xcisS—n—l xcise—n—l xcisﬁ—l xcis— —1
5 5 5 5

i . 2n( . 2m . 8n( . 8m Cdn( . 4n . 6n( . 6m
cis—| xcis— —1|+cis—| xcis— —1| cis—| xcis— —1 |+ cis—| xcis— —1
1 5 5 5 5 5 5 5 5

5 x-1 (xcis&t—lj(xciszn—lj (xcis&[—l)(xcis‘m—lj
L 5 5 5 5
4n 2n 8n 4n
XCO0S— — 2C0S—— XCOS— — 2C0S—
1 1 2 5 5 2
—_ . +— 4+ —-
5 x-1 5 5

x? —2x00525n+1 x? —2xcos45n+1

.4 . 6m . 4m . 4r . 4n | 4Ax 4z
Note that cis— + ciS— =CiS— + CiS| —— |=CiS— + CiIS— = 2C05— .
5 5 5 5 5 5

(@ For 1<p<n-1

XP
)_;

(X+1)---(x+n

A

X+

XP=A (X+2) ... (X+n)+A; (X+1)(X+3) ... (X+n)+ ... +AX+1)...(x+n-1)
Put x=-r, (r=12,...,n)

(NP =A,(r+)(=r+2)..(=r+r=0(-r+r+1)..(-r+n)
PP =A (<) (r=1)! (n=T)!



(_1) p-r+l r p

rzm, (r=1,2,...,n)

(_l)p—r+1rp
(x+1) (X +n) ; (r=DYn-nN(x+r)
(b) Forp=n,

n

X

A
(X+1)--(x+n) Z—

X"=(X+DX+2) ... (X+n)+A (X+2) ... (X+n)+A; (X+1)(X+3) ... (X+n)+ ...
Ap(x+1) ... (Xx+n-1)

Put x=-r, (r=12,...,n)
_1\n-r+len
r:(l)—r, r=1,2,...,n)
(r=D!(n-n)
Xn 3 n

(_1)n—r+1rn
(X+1) (X +n) _l+; (r=D)(n —r)I(x +r)

Put x=0 in (a),

_ (-1 p-rilpp B p & . N1 _ vl
2 oo YL gy S GO EEDT
(=) rP

=0 , for =0,1,2,...,(n=-1).
= ri(n-rn)! P ( )
Put x=0 in (b),

_ 0 w ( 1)rl n ) : _r+1= e
e ; (r=Din-n!'r e )z (r=1in-nrr’ since (-1) SO

Z (r—l)'(n—r)ir_(l) »since (=)= (1)

Y(Y+1)(Y+2) (y+n) Zo: y+

nt=Agly +1)...(y +n) + Ay y(y + 2).

Ly+tn)+ LA YY+D L (y+n=1)
Put y=-r, (r=0,1,2,...,n)

= A (N =r + 1) ... (<2)(-1)(1)(2)

(=1)'n! r : Ty
. m =(-1)'c, , since (-1)"=(-1)".

v ((r+n) =A (D't (n=r)!

n! T~ A 5 (-D'c

Yy+)(y+2).(y+n) & y+r

r

r=0 y+r

2. (@) f(X)=(x—-a)(x—-ap)....(x—a,) and ay,ay,...., a, are unequal.
Inf(x) =In(x-ay) +In(x—ay) +.... +In (x — an)

Differentiate with respectto x on both sides,



22,

23.

f'x) _

f(x) _x—al X—a,

1 1 1 . 1
+ ot :Z
Xx-a, 3 x-a,

(b) Differentiate the result of (a) with respectto x again,

OIS S

[f 0 = (x-a,)’
[f 001 = FOOF"(X) & 1
[f o)) Z (x-a,)’
(c) (I)(X):Zn: A , where A, are constants.

f(x) = x-a,

n

0003, S0 A (-8 k-2, )(x-a,0)-(x-2,)

r=1

r

Put x=a, ¢(ar) :Ar(ar _al)"'(ar _ar—l)(ar _ar+1)'"(ar _an) (1)
fr(x) <& 1
F , =
rom (a) 00 Z; o
f'(x):i fEX) :zn: (X—a)(X—a, ) (X—a,.)(x—a,)
Put x=a, f'(a,)=(a, -a).(a,-a,)a, —a.,).(a -a,) --(2)
Compare (1) and (2), Ar:M
f'(a,)
000 S A3 da) 1 )

f(x) < x-a, “F f'(a,)x-a,

It f(x) = (x-a)gi(x), then f(x)=(x-a)0gr'(x) + gi(x).

Put x=a,

f'la) = g(a).

From (@), 003 i) 1

f(x) < 9.(a)x-a,

Let ¢(X) = bpX" + bpax™ + ... +byx + by .

By the Extended Partial Fraction Theorem (see 21(b)), 6() = z 6@,)

1
f(x) = f'(a,) x—a,

b=y KD T o @) (o (x-a)x—a, ) x-a,)

= f'(a,)x-a, = f'(a,)

Compare coefficients of  x" term, b, = i @.
— f'(a,)

ax® +bx +c _ A N B . C :A(X—B)(x—y)+B(x—y)(x—a)+C(x—a)(x—[3)

(X-o)(x=B)(x-7) x-o Xx-B X-y (X—a)(x=B)(x=7)
ax’ +bx+c=AX-B)(X—7)+B(X—y)(Xx—a) + C(x - a)(Xx —P)

Compare coefficients of ~ x* term, a=A+B+C

A+B+C=0 iff a=0 ..(1)
Let 3n+1 é B . C

n(n+1)(n+2)_ n n+l n+2



3n+1l=(n+1)(n+2)A+n(n+2)B+Cn(n+1) ..(2)

Put n=0 in (2), L A=1/2.
Put n=-2 in (2), .. C==5/2
From (1), . B=-A-C=-1/2+5/2
1 1 5 5
_ s+l 3 272, 2 :1[1_ L3l )
nn+H(n+2) n n+l n+2 2\n n+1/ 2\n+l1 n+2

N 3n+1 18 5 1 1
> i e
= n(n+)(n+2) 2= n+l/ 2 n+l n+2
_1(1_ 1 j+§(1_ 1 j_ N(7N +9)
2 N+1/ 2\2 N+2/) 4(N+1)(N+2)

3+x? A B C+Dx
24. (a) = + +
(1-x)°A+x?*) 1-x (1-x)*° 1+x°

3+x2=A1-x)1+x)+B(1L+x%+(C+Dx)(1-x)? ...(1)
Put x=1, 4=B(1+1),
Put x=i, 2=(C+Dx)(1-i)?=(C+Di)(-2i))=2D-2Ci ,
Compare the constant terms of (1), 3=A+B+C=A+2+0,

3+ x? 1 2 X

1-x)*(L+x2) 1-x ! (1-x)? R
(b) (Method 1)

n-1 n-1
X x? x* x? x+x*+x>  x* x?
~+ -+ St e = —+ St -
1-x 1-x" 1-x 1-x 1-x 1-x 1-x
n-1
X+X+x +..+x"  Xx° x?
= - et ot
1-x 1-x 1-x
X
X+ X2 +x° +..+x* XX exETT 1o X
= s +...=lim - = = ,
1-x? N 1-x? 1-0 1-
(Method 2)
. S = XA XXX L) =X X X
- X
XZ
=X XXX L) =X X X X
1-X
X4
== XL X X L) =X X X
1-x
2 4
. iy X X
Adding up all equalities, ~+ —+ — =X XXX
1-x 1-x" 1-X

25, Put u=x-1, x=u+1

X*=x*+1 (U+1)°—(u+1)*+1 u®+6u®+15u +20u° +14u® + 4u +1
(x-1)° u® u®




4 14 4

1

14 1
=U®+6u% +15U+ 20+ —+—+—=(x —1)’ + 6(x —1)* +15(x 1) + 20+ +

2+ 3
u u° u x-1 (x-1) (x-1)

14 4 1
+ 2 + 3
x-1 (x-1)" (x-1)

26. [£+1j(\/§—ij(«/_— X ZyJ EA(\/E_iJZ
y y X+Yy y

=x®+3x%+6x+10+

Put x=0, y=1, 1><\/E><(\/_—2):A(\/§)2, CA—1-2
o ottt ae s o

(1_6)(&’“)2 .
n <0, since (l—\/E)<0,—>O.

e

n m+n (m+1) n
n
. /2 lies between the positive rational number M and m+2n.
n m+n
. m m+2n m
(i)  From (%), (—+1j(\/_— * )E(l_ﬁ{\/___j
n m+n n
\/—m+2n1\/§‘|\/§m, ond 1—JE<m1 B
m+n —+1 n —+1 +4 1
n n n
Jz-mE2a oM ang -~ V2 iscloserto M2 than 1o
m-+n n m-+n n
n+2 n+2

27. (@ @+ =@+xP1+X)" < D bx =[+2x+x*)> ax’
r=0 r=0

Comparing coefficients on the term x"*2 on both sides, bo=a +2a4+aw if 0<r<n-2.

(b) Similar to no. 20.
(¢) Put n=2in(b) anddivide the equality by 2,
1 _ 1 B 1 N 1
(X+)X+r+)(xX+r+2) 2(x+r) x+1 2(x+2)

a, a, N (-D"a, (n+2)!

(%)

X(X+D)(x+2)  (x+1)(x+2)(x+3) T (X+N)(X+N+D)(X+n+2)  2X(X+1)..(x+n+2)

\ (D’a, - (D'a, - (Da, - (Da
-3 R IR

ry (x+r)(x+r+1)(x+r+2)_r:0 2(x+r) = x+1 = 2(x+2)

_lx n! ~ n! +1>< n!
2 X(X+1)...x+n) (X+D(X+2)..x+n+1) 2 (X+2)(X+3)..(X+n+2)

_ N[(X+Nn+1)(X+Nn+2)—2X(X+n+2)+x(X+1)] _ ni(n’+3n+2) (n+2)!

2X(X+1)...(x+n+2) 2X(X+1)...(x+n+2) - 2X(X+1)...(x+n+2)

28. (a) sameas21.(a),(b).



30.

31.

2x-1  2(x-1)+1 2 N 1

b =
(b) (x-1)*  (x-1)* x-1 (x-1°
() B(X) =x*-10x*+1, B(1) =-8
B*(x) = 4x° — 20x B’(1) =-16
B”(x) = 12x* — 20 B”(1) =-8
. ‘&1 B'@Q -16
From (a), putting x =1, = = =2
(@). putting %“1—xi Bl) -8
-1 _[BOF-BOB'W® _,
i1 (1—Xi)2 [B(l)]2
i 2x. -1 < 2 - 1 = 1 - 1
From (b), A " -2y £y __2(2)+3
= (x-D T ox-1 T (-’ T 1-x T (1-x)
7-8x 1 9/2 ) ) 9(, x x? "
=— + =—(A+X+X" X"+ )| I = —F . —+..
1-x)2-x) 1-x ,_X 2 2 4 2"
2
:Z+§x+lx2—lx3+...+( S —ljx”+...
2 4 8 16 2"

o X .
The expansion is valid if |x|<1/\2<1, ie. |x|<1.

9
The generalterm T, = -1. When n>3, T,:<0.

n+l 2n+1

From the fourth terms onwards, the coefficients are all negative.

Lx 209 49 U3
1+2x)°(1-x) 1-x 1+2x (1+2x)?

1
Sl XX+ X+

1-x

1 , . n
1+ 2x =1-2X+(2X)" +...+ ()" (2x)" +...

1 , N n
RGO AR UM SR CR GRS

. . . 1
The above expansions are valid if  |[x|<1A|2x|<1, i.e. |x|<5.

. 2 4 1 2 1
The coefficient of x" term = 3 +§(—1)n 2" +§(—1)n (n+1)2" :§+§(—1)” 2"(Bn+7).

2 _Lo, 12
1-2x)2(1+4x%) 1-2x (1-2x)* 1+4x?
[l 2%+ (2X)7 + o+ (2™ + (2¢) " 4]
HL+2 (2X) +3(2%)% + ...+ (20 +1)(2X)" +...+ (40 +1)(2X)*" + (4n + 2)(2x) "+ . ]
H2x = (2X)(4X2) +...— (2X)(4x?) ™" + (2x)(4x2)" .. ]




The coefficient of x*" = 2" + (4n + 1)2*" = (2n + 1) 2*™*
The coefficient of x*™* = 2™ + (4n + 2)2™! + 2 x 4%"= (n + 1) 2™,

The above expansions are valid if

|2X|<1/\|4X2|<1<:>|X|<%/\(2X—1)(2X+1)<0<:>|X|<%/\—%<X<E<:>|X|<E

X'+1 5 4 10
(x-3)*(x-2) x-2 x-3 (x-3)°

= o R ORI
el e

x—3_§

eablEHRCIRERERIE U

(x-3y \3
The coefficient of X" term = 5x (— %JG]” + (_4)(_ éj@]” +10(— a?(n +1)(§jn

<le|x|<2.

32.

The above expansions are valid if E <1lna

2+ x° 1/2 1 1/2 -1/4 1/4 1/8

33. = + + = + 2+
(2-x)°%(4+x)  2-x (2-x)* 4+x _X 1 X 1. %
2 2 4

=—1{1+§+(i)2+...+(ijn +__}+ﬂ1+2@+3(g+...+<n+1)@”}

4 2 2
l 2 n
+= 1—£+(1j +...+(—l)”(ij +..
8 4 \4 4
.. n n . 1
The coefficient of X" term = +(-1) :
2n+2 22n+3
The above expansions are valid if |x| < 2.
3X+4 1 1 2 1 11 1 1
34 = — =+ = — + >
(x+D)(x+2)* 1+x 2+x (2+x)° l+x 29, X 2 1 X
2 2
l 2 3 l 2 3
“f-x+x2-x*+.]-= 1—£+(£) —(ij o |+= 1—2[£j+3(£) —4[—] +...
2 2 \2 2 2 2 2 2
5 5 19
=1-Sx+ox?P-=x+
4 14

The restriction on the valuesis  [x|<1A ) <1l=|x|<1.

10n+22

3n+2

5

- 2ﬂ+l !

10



